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Introduction
Consider a finite graph Γ with an arbitrary vertex set V and some distinguished vertex v 0 ∈ V . We seek to determine the heat flow from vertex to vertex over continuous time. With regard to a specific initial condition, a solution to the above problem is modeled by the fundamental solution to the following set of equations:
for a fixed function f on V , and ∆ the combinatorial Laplacian defined on the graph Γ . In this paper, we compute an explicit solution for the heat equation, with initial data concentrated at a point on Γ , a graph which has been constructed to act as a finite analogue of the Poincaré upper half-plane. Specifically, Γ is a finite Cayley graph associated with the group of rank 2 invertible matrices over a finite field of characteristic q, with edges created via the generating set of this group.
Solving for the fundamental solution to the heat equation on a bounded domain is a classical problem in partial differential equations. When the domain is the circle, for instance, the fundamental solution of the heat equation can be described by a theta function.
Solving the heat equation on H, the Poincaré upper half-plane amounts to computing the temperature function over time on an insulated, thin hyperbolic triangle [12] . This hyperbolic triangle is non-compact, yet analogues to classical theta functions occur when describing the fundamental solution. In this paper we determine domains in which theta functions occur as fundamental solutions to the heat equation.
The fundamental solution to the heat equation has applications to random walks on groups in probability theory. See Grigorchuk [7] , Levit-Molchanov [8] , and Pagliacci [10] for some recent results. In the work of Pagliacci, the fundamental solution takes the form of a time-dependent inverse problem over discrete variables where Γ is a finite graph and a random walk takes place on Γ .
Begin with the initial position at v 0 ∈ V which can be viewed as the initial probability distribution P 0 (v) for some v ∈ V . The probability distribution after n time-steps, P n (v), is completely determined by the initial state P 0 and the transition-matrix A, the adjacency matrix of the graph. Since the adjacency matrix is related to the combinatorial Laplacian, we obtain a set of difference only equations representing the linear heat equation on Γ . In this case, Γ is a homogeneous tree of order q + 1.
. Then the heat equation on Γ described by Pagliacci is given by
with initial condition f 0 (x), d the canonical distance function on Γ , and p the transition probability on V . In other words, Pagliacci defines the heat equation on Γ using a weighted adjacency matrix for the Laplacian operator and a finite difference operator over Z for the time differential. There is no initial condition such as in (1) .
Not all investigations of the heat equation on a finite graph use a combinatorial Laplacian. In the work of Gavean, Okada, and Okada [6] , graphs of both finite and infinite vertex sets are considered, but the viewpoint is quite different. The functions are defined on the vertex set of Γ as well as along the continuous segments of the graph, namely the edges. Thus the graphs considered in [6] are equipped with a Riemannian structure and the Laplacian is induced from this structure. In other words, in [6] the operator ∂ ∂t − α j ∂ 2 ∂x 2 , for j ∈ N, is applied to functions on the graph Γ . For the results in this paper, we do not assume the functions to be evaluated on the edges of the graphs as in [6] .
This paper discusses the solutions connected to differential-difference operators of the form ∂ ∂t − ∆ with ∆ the combinatorial Laplacian. We believe this to be the first study of the heat equation via a differential-difference operator on a graph equipped with a graph-theoretic Laplacian operator. In addition, the domain is rich with structure, making the results nontrivial. Our technique for solution is an extension of the method of separation of variables on a non-abelian Cayley graph which involves special functions.
Classically, the heat equation on bounded domains, specifically on tori, yield theta functions as solutions. We study a finite analogue of the Poincaré upper half-plane, namely the finite upper half-plane introduced by Terras [13] . Using this case, we investigate the periodicity inherent in the solutions of bounded domains.
The solutions involve zonal spherical functions which come with a natural periodicity. In addition, the related theta functions are automorphic forms and the resultant periodicity interweaves representation theory with the heat equation. We hope this paper stimulates more study of this interplay.
Finite upper half-planes
Fix q ≥ 3 odd and F q , a finite field of q elements. Suppose δ ∈ F q is not a square of any element of F q . Then the finite upper half-plane is said to be the set
with F × q the multiplicative group of F q [13] . Recall that the affine group is the subgroup
, by taking H q as the vertex set and H q × S as the edge set with S the generating set of the affine group. Then, for r ∈ F q ,
Thus the constructed Cayley graph depends on which S r , r ∈ F q , is used to generate the edge set [2] . If e is an edge in the graph, then e has e − , e + as an initial and a terminal vertex, respectively. So the edge set H q × S r means that e − = z ∈ H q and e + = zs, s ∈ S r . With generating set S r , the graph is connected.
Equip Γ q (H q , H q × S) with the combinatorial Laplacian. Suppose A is the adjacency matrix with entries A z,w = number of paths from vertex z to vertex w, z, w ∈ H q , and I is the identity matrix of size q(q − 1). If f ∈ C(H q ), the set of functions on H q , the operator ∆ :
is said to be the combinatorial Laplacian operator associated to Γ q (H q , H q × S).
We require that the fundamental solution on H q , E(t; x, y 0 ), satisfy the following set of equations:
lim
following the notation of Benabdallah [1] and Fischer, Jungster and Williams [4] .
The solution E(t; x, y 0 ) is a function on R × H q × {y 0 }. In other words, time t and space x are taken to be continuous and discrete variables, respectively, with the initial data concentrated at a point y 0 ∈ H q .
Method of images
When H is the Poincaré upper half-plane, an explicit solution to the heat equation with the initial condition E(0, x) = f (x) is computed using the method of images [12] . Benabdallah [1] uses the method of images to solve the heat equation, with an initial condition analogous to (4) on compact, homogeneous spaces. We adapt Benabdallah's technique to solve (3) -(4).
Let Γ q (GL(2, F q ), GL(2, F q ) × S GL(2,Fq) ) denote the Cayley graph formed by taking GL(2, F q ) as the vertex set and GL(2, F q ) × S GL(2,Fq) as the edge set with S GL(2,Fq) the generating set of GL(2, F q ). Equip Γ q (GL(2, F q ), GL(2, F q ) × S GL(2,Fq) ) with the combinatorial Laplacian, ∆ GL (2, Fq) .
Suppose δ is a non-square in F q . Let K = a δb b a a 2 − δb 2 = 1 .
Then H q = GL(2, F q )/K is a homogeneous space with GL(2, F q ) acting transitively on the points of H q . If π : GL(2, F q ) → GL(2, F q )/K and f is a function on H q , then ∆f • π = ∆ GL(2,Fq) (f • π) with ∆ and ∆ GL(2,Fq) the combinatorial Laplacians associated to Γ q (H q , H q × S) and Γ q (GL(2, F q ), GL(2, F q ) × S GL(2,Fq) ), respectively.
Theorem 3.1. Suppose that E GL(2,Fq) (t; z) = E GL(2,Fq) (t; z, e) denotes the fundamental solution for the heat equation with initial concentration at the identity e on GL(2, F q ) and ∆ GL (2, Fq) . Then
is the fundamental solution to (3)-(4) with initial concentration at the identity coset K. In other words, E(t; zK) = E(t; zK, K).
Proof. The combinatorial Laplacian ∆ GL(2,Fq) is a left-invariant operator, analogous to the geometrical Laplacian. Let f be a function on
We see that if E GL(2,Fq) (t; x, y 0 ) is the fundamental solution for the heat equation on GL(2, F q ) and ∆ GL (2, Fq) , then E GL(2,Fq) (t; x, y 0 ) is invariant under left translations. This means that E GL(2,Fq) (t; gx, e) = E GL(2,Fq) (t; x, g −1 ) for e the identity in GL(2, F q ). Thus E GL(2,Fq) (t; x, y 0 ) is invariant under the inner automorphisms of GL(2, F q ).
We have a similar result for the fundamental solution on H q : Since H q = GL(2, F q )/K, we have that
Consider the functionẼ(t; zK) defined bỹ
Additionally, for all functions f defined on H q ,
In addition, Suppose {π α | α ∈ GL(2, F q )}, with GL(2, F q ) the dual of GL(2, F q ), is the set of equivalence classes of all unitary, irreducible representations of GL(2, F q ). Let {χ α | α ∈ GL(2, F q )} be the corresponding character set. E GL(2,Fq) invariant under the inner automorphisms of GL(2, F q ) implies that E GL(2,Fq) (t; g) is a class function. Therefore, by the Peter-Weyl theorem, we have that
with ·, · the inner product on GL(2, F q ) and Haar measure dg = 1 q(q−1) 2 (q+1) . Define
In other words, a α is a Fourier coefficient, or rather, it is the Fourier transformed heat kernel E(t; g), for α ∈ GL(2, F q ).
By Theorem 3.1,
But E GL(2,Fq) (t; g) being a class function means that we can apply π : GL(2, F q )→ H q to show that E(t; gK) ∈ C(K\GL(2, F q )/K), the set of K-bi-invariant functions on GL(2, F q ). Therefore, E(t; gK) has an expansion in terms of zonal spherical functions.
Specifically, let GL(2, F q ) K denote the equivalence classes of irreducible, unitary representations of GL(2, F q ) which are class 1 with respect to K. Let ω α denote the zonal spherical function associated to α ∈ GL(2, F q ) K . Then
Comparison with (5) and (6) permits the result:
Apply the Fourier transform with respect to GL(2, F q )/K to (3) . The result is that the heat kernel a α (t) = k α e −λαt , with λ α an eigenvalue of ∆ GL(2,Fq)/K = ∆ and k α = a α (0) = lim
where d α denotes the dimension of the representation π α , α ∈ GL(2, F q ) K . Now we only need to expand E(t; gK) in terms of the class 1 representations. Since E(t; gK) ∈ C(K\GL(2, F q )/K),
In other words,
with r the radius of an orbit or K-double coset in H q . Zonal spherical functions of H q split into two types: those associated to the principal series representations of GL(2, F q ) and those associated to the cuspidal series representations of GL(2, F q ).
Define ǫ, ν 0 to be the sign characters of F × q and U , respectively, equal to 1 on squares and to -1 on nonsquares of F × q and U , respectively. Define N (α) = αα, T r(α) = α + α as the norm and trace of α ∈ F q ( √ δ), respectively. Recall that S r , fixed r ∈ F q , denotes the generating set of the affine group. 
Using the Hecke algebra for the pair (GL(2, F q ), K), we compute the eigenvalues of ∆. Recall that the zonal spherical functions are simultaneously eigenfunctions and eigenvalues of invariant integral operators, or rather, Hecke algebras, in the case of a finite group. The adjacency matrix is an element of the Hecke algebra for (GL(2, F q ), K). A trivial extension of the Hecke algebra to a larger algebra permits the zonal spherical functions to be eigenfunctions and eigenvalues of ∆ as well. We see that both algebraic and geometric methods are equally useful for an explicit description of the fundamental solution on H q . The following result is a consequence of all the previous theorems: 
To summarize, in analogy to the case of the geometric Laplacian on H, the combinatorial Laplacian on H q permits a solution to the heat equation that is constant on the K-double cosets, or rather, the S r subsets of H q .
Theta functions for H q
We conclude with the construction of finite analogues of theta functions and with a theta function correspondence between the heat equation and the combinatorial Laplacian of H q .
To explicitly describe theta functions for H q , we need to be more explicit regarding the set of non-decomposable characters of (F q ( √ δ)) × . If q > 2 and δ is a nonsquare of F q , then there exist maps φ,ν such that
for ζ m ∈ (F q ( √ δ)) × and fixed j = 1, 2,. . . , or q 2 − 1. We have that E(t; r) = E p (t; r) + E c (t; r), with E p (t; r) and E c (t; r) the terms in the fundamental solution resulting from the principal and cuspidal zonal spherical functions, respectively. Fix ζ, generator of (F q ( √ δ)) × , and r ∈ F × q − 1.
for a fixed set A. Therefore, the principal zonal spherical function takes the form:
Set λ p l (r) = (q + 1)ω l (r), the eigenvalue from the principal part. The superscript tells us to take ω l to be the principal zonal spherical function. Thus,
which is the principal part of the solution. Similarly, the cuspidal zonal spherical function takes the form: Set λ c l (r) = (q + 1)ω l (r), the eigenvalue from the cuspidal part. The superscript tells us to take ω l to be the cuspidal zonal spherical function. Thus, E c (t; r) = 1 q + 1 which is the cuspidal part of the solution. We have proved the following theorem. 
If τ ∈ H, the Poincaré upper half-plane (Im(τ ) > 0), and z ∈ C, then the analytic function θ(z, τ ) = n∈Z e iπn 2 τ +2πinz is the fundamental periodic solution to the heat equation whenever τ = it, t ∈ R >0 [9] . We say that θ(z, it) = n∈Z e −πn 2 t+2πinz is a theta function on the lattice Z. Thus (7) is a finite analogue of this classical function, and is thought of as the theta function on the finite lattice F × q 2 ×U contained in the regular lattice F × q 2 ×F × q 2 , connected to H q via the combinatorial Laplacian ∆. It would be an interesting problem to compare our results with those of Chung and Yau [3] .
